We discuss some types of congruences on Menger algebras of rank n, which are generalizations of the principal left and right congruences on semigroups. We also study congruences admitting various types of cancellations and describe their relationship with strong subsets.
Let us consider the set T n (G) of all expressions, called polynomials, in the alphabet G ∪ { [ ], x}, where the square brackets and x do not belong to G, defined as follows:
(a) x ∈ T n (G), Every polynomial t ∈ T n (G) defines on (G, o) an elementary translation t : x → t(x). The polynomial and the elementary translation defined by it will be noted by the same letter. Obviously, t 1 • t 2 ∈ T n (G) for any t 1 , t 2 ∈ T n (G), where (t 1 • t 2 )(x) = t 1 (t 2 (x)). The identity map on the set G belongs to T n (G) also.
A subset H of a Menger algebra (G, o) of rank n is called
• a normal v-complex if for all g 1 , g 2 ∈ G, t ∈ T n (G)
• a normal l-complex if for all g 1 , g 2 ∈ G and x ∈ B
• a normal bicomplex if for any g 1 , g 2 ∈ G, t ∈ T n (G),
• an l-ideal if for all x, h 1 , . . . , h n ∈ G
• an i-ideal (1 i n), if for all h, u ∈ G, w ∈ G • an s-ideal if for all h, x 1 , . . . , x n ∈ G h ∈ H −→ h[x 1 . . . x n ] ∈ H,
• an sl-ideal if H is both s-ideal and l-ideal.
It is clear that H is an l-ideal if and only if it is an i-ideal for all i = 1, . . . , n.
A binary relation ρ defined on a Menger algebra (G, o) of rank n is called
• stable if for all x, y, x i , y i ∈ G, i = 1, . . . , n (x, y), (x 1 , y 1 ), . . . , (x n , y n ) ∈ ρ −→ (x[x 1 . . . x n ], y[y 1 . . . y n ]) ∈ ρ,
• l-regular if for any x, y, z i ∈ G, i = 1, . . . , n (x, y) ∈ ρ −→ (x[z 1 . . . z n ], y[z 1 . . . z n ]) ∈ ρ,
• v-regular if for all x i , y i , z ∈ G, i = 1, . . . , n (x 1 , y 1 ), . . . , (x n , y n ) ∈ ρ −→ (z[x 1 . . . x n ], z[y 1 . . . y n ]) ∈ ρ,
• i-regular if for any u, x, y ∈ G, w ∈ G n (x, y) ∈ ρ −→ (u[w| i x], u[w| i y]) ∈ ρ,
• l-cancellative if for all x, y ∈ G, (z 1 , . . . , z n ) ∈ G n (x[z 1 . . . z n ], y[z 1 . . . z n ]) ∈ ρ −→ (x, y) ∈ ρ,
• v-cancellative if for all x, y, u ∈ G, w ∈ G n , i = 1, . . . , n (u[w| i x], u[w| i y]) ∈ ρ −→ (x, y) ∈ ρ,
• lv-cancellative if it is both l-cancellative and v-cancellative.
A reflexive and transitive binary relation is v-regular if and only if it is iregular for all i = 1, . . . , n. A binary relation is stable if and only if it is l-regular and v-regular (cf. [3] ). A stable equivalence is a congruence. By a v-congruence (l-congruence) we mean an equivalence relation which is v-regular (l-regular, respectively). It is easy to see that a relation ρ ⊂ G × G is v-cancellative if and only if
holds for all x, y ∈ G and each translation t ∈ T n (G). The above terminology is inspired by the terminology used in semigroups. A Menger algebra of rank n = 1 is a semigroup, so, in this case, an l-regular relation is left regular, and a v-regular (vector regular) relation is right regular in the classical sense.
In this paper we describe principal v-congruences and principal l-congruences on a Menger algebra of rank n. Obtained results are similar. The main scheme of proofs also is similar, but the concept of strong subsets (used in the proofs) is different in any case. Thus, these proofs are not analogous.
In the last section we characterize bistrong subsets of Menger algebras and their connections with congruences.
Principal v-congruences on Menger algebras
Let (G, o) be a Menger algebra of rank n, H its nonempty subset. Put
The relation R H is an equivalence on (G, o) but the relation R * H is only symmetric and transitive. The set
It is not difficult to see that for any a, b ∈ G we have
Observe that H ∩ W H = ∅. Indeed, for h ∈ H ∩ W H we have h ∈ H and t(h) ∈ H for any t ∈ T n (G). This for the identity translation t(x) = x gives h ∈ H and h ∈ H, which is impossible. So, H ∩ W H = ∅.
Proof. Let (a, b) ∈ R H . Then, according to (5) , for every t ∈ T n (G) we have
Proposition 2.2. W H is an l-ideal, provided that it is a nonempty set.
Proof. Let W H = ∅ and a ∈ W H . Then, according to (6), t(a) ∈ H for each translation t ∈ T n (G).
The relation R H is called the principal v-congruence, the relation R * H -the principal partial v-congruence on a Menger algebra (G, o). The set W H is called the v-residue of H.
Hence H is contained in some R H -class. Denote this class by X. Now let h ∈ H and g be an arbitrary element of X. Then (h, g) ∈ R H , i.e., for each t ∈ T n (G) we have t(h) ∈ H ←→ t(g) ∈ H. This for the identity translation gives h ∈ H ←→ g ∈ H. So, H = X. Since
where G/ε is the set of all ε-classes.
Conversely, let (g 1 , g 2 ) ∈ {R H | H ∈ G/ε}. Then, according to (5) , for all H ∈ G/ε and t ∈ T n (G) we have
From this, for the identity translation t and the ε-class H 1 containing g 1 , we obtain g 1 ∈ H 1 ←→ g 2 ∈ H 1 . Thus (g 1 , g 2 ) ∈ ε. Consequently, {R H | H ∈ G/ε} ⊆ ε. This completes the proof. 
Proof. Let H be a v-admissible subset of a Menger algebra (G, o). Then it is some ε-class of a v-congruence ε. Therefore, by Proposition 2.4, we obtain ε ⊆ R H . So, H is contained in some R H -class. If ρ H h = ∅ for some h ∈ H, then h ∈ W H . This means that the R H -class containing H cannot be the set
for all a, b ∈ G.
Theorem 2.8. For a subset H of a Menger algebra (G, o) the following conditions are equivalent:
(a) H is strong.
(b) For any x, y ∈ G and t 1 , t 2 ∈ T n (G)
t is the R H -class. In this way we have shown that K is a family of R H -classes.
From this inclusion it follows that W H is contained in some R X -class. Let
Thus, (t • t 4 )(a) ∈ H, and consequently, t • t 4 ∈ ρ H a . Hence, ρ H a = ∅, i.e., a ∈ W H . This impossible because by the assumption a ∈ W H . Obtained contradiction proves that ρ X a = ∅. Consequently, a ∈ W X and W H ⊆ W X .
Since R H ⊆ R X , the set W X is a union of R H -classes. To prove that R H and R * X are coincide on the set G \ W X it suffices to show that (a, b) ∈ R X implies (a, b) ∈ R H for all a, b ∈ G\W X . Let (a, b) ∈ R X for some a, b ∈ G\W X . Then ρ X a = ρ X b = ∅, so there exists a translation t 5 ∈ T n (G) such that
Corollary 2.12. Let H be a strong subset of a Menger algebra (G, o). Then, for any translation t ∈ T n (G), the set ρ
Proof. It was noted above that the empty subset is strong, so if for some t ∈ T n (G), we have ρ
Proof. Let H be a strong subset of (G, o). By Theorem 2.11, we have
. Thus, to prove R H = R X it remains to show that W H = W X . Due to the above it is sufficient to show only
Suppose that a ∈ W H , i.e., ρ H a = ∅. Then t 2 (a) ∈ H for some t 2 ∈ T n (G),
Hence (t 1 • t 2 )(a) ∈ H, which contradics to (10). Therefore a ∈ W H and W X ⊆ W H . This completes the proof.
We say that a v-congruence ε on a Menger algebra (G, o) is partially vcancellative with v-residue W, if W is an ε-class of (G, o) and
In the case when W is the empty set we obtain a v-cancellative relation.
Proposition 2.14. A principal v-congruence R H on a Menger algebra (G, o) is partially v-cancellative with v-residue W H if and only if for any translation t ∈ T n (G) the following implication
is true.
Proof. If R H and W H satisfy (11), then for t(x) = u[w | i x], where u ∈ G, w ∈ G n , i ∈ {1, . . . , n}, we obtain
which shows that R H is partially v-cancellative with v-residue W H . Conversely, let (12) and the premise of (11) be satisfied for t ∈ T n (G) of the form t(
Proof. If a nonempty subset H of (G, o) is strong, then, by Proposition 2.9, it is an R H -class different from W H . Since H = W H , by Proposition 2.10, there exists a translation t ∈ T n (G) such that H = ρ
, t(g 1 ) ∈ H we obtain t(g 2 ) ∈ H because H is a strong subset. So, t(g 1 ) ∈ H implies t(g 2 ) ∈ H. Analogously t(g 2 ) ∈ H implies t(g 1 ) ∈ H. Thus (g 1 , g 2 ) ∈ R H , which proves the second property.
Conversely, let H be an arbitrary nonempty subset of (G, o) satisfying (i) and (ii). If ρ H a ∩ ρ H b = ∅ for some a, b ∈ G, then for some t ∈ T n (G) we have t ∈ ρ H a and t ∈ ρ H b . Thus t(a) ∈ H and t(b)
We say that a subset X, possibly empty, of a Menger algebra (G, o) is lconsistent in (G, o), if for any g ∈ G and t ∈ T n (G) t(g) ∈ X implies g ∈ X.
Proposition 2.16. Let H be a strong subset of a Menger algebra (G, o). Then R H is a v-cancellative v-congruence if and only if W H is l-consistent in (G, o).
Proof. Let H be a strong subset of (G, o). Then, according to the second condition of Theorem 2.15, the relation R H is partially v-cancellative with v-residue W H , i.e., the implication (11) is satisfied. Suppose that t(a), t(b) ∈ W H . If W H is l-consistent in (G, o) , then a, b ∈ W H , so (a, b) ∈ R H . Thus, R H satisfies (4), so it is v-cancellative.
Conversely, let R H be a v-cancellative v-congruence. If t(a) ∈ W H for some t ∈ T n (G), then t 1 (t(a)) ∈ H for all t 1 ∈ T n (G). So, for all t 1 ∈ T n (G) we have (t 1 • t)(t(a)) ∈ H. Thus t 1 (t(t(a))) ∈ H, which implies t(t(a)) ∈ W H . Hence, (t(a), t(t(a))) ∈ R H , consequently (a, t(a)) ∈ R H . Therefore a ∈ W H . This shows that W H is l-consistent in (G, o).
Principal l-congruences on Menger algebras
For a nonempty subset H of a Menger algebra (G, o) of rank n and B = G n ∪{e} we define the following subsets:
It is easy to see that L H is an equivalence relation on (G, o) and H W is its an equivalence class, provided that it is not empty. It is also easy show that
Proof. Let (g 1 , g 2 ) ∈ L H , then for all x, y ∈ B we have
whence we obtain
for all x, y ∈ B. This means that (
Thus, L H is an l-regular, consequently, it is an l-congruence. Let g ∈ H W , then g[y * x] ∈ H for all y * x, where x, y ∈ B. Therefore, (∀x ∈ B)(g[y])[x] ∈ H for every y ∈ B. Thus, g[y] ∈ H W for every y ∈ B. So,
Further the relation L H will be called a principal l-congruence induced by H. Proposition 3.2. Any l-congruence ε on a Menger algebra (G, o) has the form
Proof. Let (g 1 , g 2 ) ∈ ε and g 1 [x] ∈ H for some x ∈ B and H ∈ G/ε. Since ε is an l-regular relation, for any x ∈ B we have (
i.e., (g 1 , g 2 ) ∈ L H . Since H is an arbitrary ε-class, from the abowe we obtain inclusion ε ⊆ {L H | H ∈ G/ε}.
To prove the converse inclusion consider an arbitrary pair (g 1 , g 2 ) ∈ {L H | H ∈ G/ε}. Then, g 1 [x] ∈ H if and only if g 2 [x] ∈ H for any x ∈ B and H ∈ G/ε. This, for x = e and H = g 1 , where g 1 denotes the ε-class determined by g 1 , gives g 2 ∈ g 1 Thus, (g 1 , g 2 ) ∈ ε and consequently {L H | H ∈ G/ε} ⊆ ε, which completes the proof.
Theorem 3.4. For a subset H of a Menger algebra (G, o) the following conditions are equivalent.
(i) H is l-strong.
(ii) For all g 1 , g 2 ∈ G and x, y ∈ B
This, according to (13), gives η H g 1 = η H g 2 . From g 2 [y] ∈ H we obtain y ∈ η H g 2 , which means that y ∈ η H g 1 . Thus, g 1 [y] ∈ H. This proves (ii).
Note that according to (14) the empty subset is l-strong.
Proof. Let h 1 , h 2 ∈ H and h 1 [x] ∈ H for some x ∈ B. Then, by (2), we obtain
Let g be an arbitrary element of X and h ∈ H. Then obviously Proof. Indeed, putting in (14) x = e we can see that any l-strong subset is a normal l-complex. Proposition 3.7. Let H be an l-strong subset of a Menger algebra (G, o). Then all L H -classes are nonempty members of the family
Proof. First, we show that E is a partition of G. Clearly, E ⊆ G since H W ⊂ G and η
On the other hand, for an arbitrary element g ∈ G we have either
Moreover, members of E are pairwise disjoint. Indeed, if η
y ∩ H W = ∅ for some y ∈ B, then there exists an element g ∈ G such that g ∈ η • H y and g ∈ H W , i.e., g[y] ∈ H and (∀x ∈ B) g[x] ∈ H, so for x = y we have g[y] ∈ H and g[y] ∈ H, which is impossible. Thus, η
Hence all members of E are pairwise disjoint subsets. Therefore E is a partition of G.
Similarly we obtain the reverse inclusion. Hence
Thus, H W is contained in some L X -class. We show that it is the class X W . Obviously η H a = ∅ for any a ∈ H W . Then also η X a = ∅. Indeed, if η X a = ∅, then for some w ∈ B we have w ∈ η X a and a[w] ∈ η
Since L H ⊆ L X , the set X W is a union of some L H -classes. We show that restrictions of L H and L X on G\ X W coincide. For this we show that for all
as required.
Corollary 3.9. If H is an l-strong subset of a Menger algebra (G, o), then for every x ∈ B the set η
It is clear that P H is an equivalence relation on (G, o) and W
H is its an equivalence class, provided that it is not empty. Obviously, for any g 1 , g 2 , g ∈ G we have:
The set W H is called biresidue of H. Note that H ∩ W H = ∅ since in the case H ∩ W H = ∅ there is an element g ∈ G such that g ∈ H and t(g [x] ) ∈ H for all t ∈ T n (G), x ∈ B. So, for the identity translation t and x = e we obtain g ∈ H and g ∈ H, which is impossible. Proposition 4.1. For any subset H of a Menger algebra (G, o) the relation P H is a congruence. Moreover, if the set W H is nonempty, then it is an sl-ideal of (G, o).
Proof. Let (g 1 , g 2 ) ∈ P H . Then for all t ∈ T n (G) and x ∈ B we have
In particular, for y 1 , . . . , y n ∈ G we obtain (y 1 [x] , . . . , y n [x]) ∈ B and
whence applying (1) we get
where y = (y 1 , . . . , y n ). Thus, (g 1 [y], g 2 [y]) ∈ P H . So, the relation P H is l-regular. Since (16) holds for all t ∈ T n (G) and x ∈ B, it also holds for all polynomials
n , w 1 , . . . , w n ∈ G, i ∈ {1, . . . , n}. Therefore,
which in view of superassociativity can be rewritten in the form:
Thus, P H is l-regular and v-regular, so it is stable, that is, P H is a congruence. In a similar way we can verify that W H is an sl-ideal.
The relation P H will be called the principal congruence induced by H. 
Proof. Let (g 1 , g 2 ) ∈ ε and t(g 1 [x]) ∈ H, where H ∈ G/ε, t ∈ T n (G) and x ∈ B.
As ε is a congruence, from (g 1 , g 2 ) ∈ ε, by l-regularity, we obtain (
) ∈ H for all t ∈ T n (G) and x ∈ B. This means that (g 1 , g 2 ) ∈ P H . Since H is an arbitrary ε-class, the above proves the inclusion ε ⊆ {P H | H ∈ G/ε}. Conversely, if (g 1 , g 2 ) ∈ {P H | H ∈ G/ε}, then for all H ∈ G/ε, each t ∈ T n (G) and any x ∈ B we have
whence for x = e we get
Since this holds for each t ∈ T n (G) and H ∈ G/ε, for the identity translation we obtain g 1 ∈ H ←→ g 2 ∈ H. So, g 2 ∈ g 1 , where g 1 is the ε-class of g 1 . Thus, (g 1 , g 2 ) ∈ ε. Consequently, {P H | H ∈ G/ε} ⊆ ε. This completes the proof.
for any a, b ∈ G. (i) H is bistrong.
(ii) For all g 1 , g 2 ∈ G, x, y ∈ B and t 1 , t 2 ∈ T n (G)
(iii) For all x, y ∈ B and t 1 , t 2 ∈ T n (G)
Proof. (i) −→ (ii) Let H be a bistrong subset of (G, o). Suppose that
) ∈ H for some g 1 , g 2 ∈ G, x, y ∈ B and t 1 , t 2 ∈ T n (G). Then from t 1 (g 1 [x]), t 1 (g 2 [x]) ∈ H we obtain (x, t 1 ) ∈ σ H g 1 ∩ σ H g 2 , so σ H g 1 ∩σ H g 2 = ∅. This, by (17), gives σ H g 1 = σ H g 2 . But t 2 (g 2 [y]) ∈ H, hence (y, t 2 ) ∈ σ H g 2 . Consequently, (y, t 2 ) ∈ σ H g 1 , i.e., t 2 (g 1 [y]) ∈ H. This proves (18) and (ii).
(ii) −→ (iii) Let σ
• H x, t 1 ∩ σ
• H y, t 2 = ∅ for some x, y ∈ B, t 1 , t 2 ∈ T n (G). Then there is an element g ∈ G such that g ∈ σ • H y, t 1 = X, which means that (z, t 2 ) ∈ σ X b . In this way we have proved the inclusion σ X a ⊆ σ X b . The proof of σ X b ⊆ σ X a is similar. Therefore, σ X a = σ X b . This proves that X is a bistrong subset of (G, o).
Let (a, b) ∈ P H , i.e., σ H a = σ H b . If (v, t 3 ) ∈ σ X a for some t 3 ∈ T n (G) and v ∈ B, then t 3 (a[v] Moreover, from ε ⊆ P X we obtain ε ∩ (G\W X ) × (G\W X ) ⊆ P X ∩ (G\W X ) × (G\W X ).
On the other hand, if (a, b) ∈ P X ∩ (G\W X ) × (G\W X ), then a, b ∈ G\W X and t(a[x]) ∈ X ←→ t(b[x]) ∈ X for all t ∈ T n (G), x ∈ B. Since for any a ∈ G\W X there are t 1 ∈ T n (G) and y ∈ B such that t 1 (a[y]) ∈ X, we have t 1 (b[y]) ∈ X. Therefore, (t 1 (a[y] ), t 1 (b[y])) ∈ ε, whence (a, b) ∈ ε because the relation ε is lv-cancellative. So,
From these two inclusions we obtain
Thus, the relations ε and P X coincide on the set G\W X .
